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A SPECIAL THEOREM RELATED TO THE FAGNANO’S PROBLEM
JUN LI
ABSTRACT. A special theorem related to the Fagnano’s problem is proved and an example of the
theorem is shown in a golden rectangle.
1. A SPECIAL THEOREM RELATED TO THE FAGNANO’S PROBLEM
The Fagnano’s problem (see, e.g., [1]) is an optimization problem that was first stated by Gio-
vanni Fagnano in 1775:
Problem 1.1. For a given acute triangle △ABC, determine the inscribed triangle of minimal
perimeter.
The answer to Problem 1.1 is that the orthic triangle of△ABC has the smallest perimeter. Here,
we have a special Theorem 1.2 related to the problem.
FIGURE 1. A special theorem related to the Fagnano’s problem
Theorem 1.2. In Figure 1, Suppose △ABC is an acute-angled triangle, then, the of smallest
perimeter triangle △DEF can be inscribed in △ABC is a right triangle if and only if △ABC
has only one pi
4
angle. In addition, the right angle ∠E and the pi
4
angle are opposite angles, which
means here, ∠B = pi
4
.
Proof. According to the answer above, the △DEF is the orthic triangle of △ABC, and it’s also
known that the incenter of the orthic triangle △DEF is the orthocenter of △ABC (see, e.g., [2]).
Now, suppose △DEF is a right triangle with ∠E = pi
2
, then in △DEF , we have
∠D + ∠E + ∠F = pi
∠DFC = ∠CFE,∠FDA = ∠ADE,∠FEB = ∠BED =
pi
4
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then we get
∠CFE + ∠ADE =
pi
4
and in the quadrilateral BDEF , we have
∠B + ∠E + ∠BFE + ∠BDE = 2pi
∠BFE = ∠BFC + ∠CFE =
pi
2
+ ∠CFE
∠BDE = ∠BDA+ ∠ADE =
pi
2
+ ∠ADE
with ∠E = pi
2
, we conclude ∠B = pi
4
, and obviously, an acute-angled triangle can only have one pi
4
angle, and also, it’s easy to see that the right angle ∠E and ∠B are opposite angles. 
FIGURE 2. An example of the special theorem in a golden rectangle
Next, we show an example of the special Theorem 1.2 in a golden rectangle[5][4, p. 274][6, p.
115].
Example 1.3. In Figure 2, ABCD is a golden rectangle with AB = 1, BC = φ, made up of a
unit square ABEF and a small golden rectangle FECD, then the of smallest perimeter triangle
△GHE that can be inscribed in the acute-angled triangle △BFC is a right triangle having sides
proportional to (1, 2,
√
5)[3].
Proof. It’s easy to see that △BFC is an acute-angled triangle with ∠B = pi
4
, and according to
Theorem 1.2, the orthic triangle △GHE is a right triangle with ∠H = pi
2
. Since △BGC ∼
△BEF , we have BG
BC
= BE
BF
= 1√
2
and get BG = φ√
2
, then apply the law of cosines to △GBE,
we have
GE2 = BG2 +BE2 − 2BG · BE cos∠B
and getGE =
√
1+φ2
2φ2
. Using the similar method, we can getHE =
√
2
1+φ2
, hence GE
HE
=
√
5
2
. 
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